Abstract: In this paper, a new control law for the pendulum on a cart is proposed. The novelty of the new control law is in the combination of methods that is used to obtain it. First, a control law for transforming the pendulum subsystem in a Hamiltonian system is obtained. The resulting Hamiltonian function has a maximum at the desired position. The objective of the second step is to inject energy (so the pendulum subsystem tends to the maximum of the Hamiltonian) at the same time that the cart is stopped. It is shown that both objectives can be solved using forwarding, which in this case yields solvable partial differential equations.
INTRODUCTION
In this paper, the problem of stabilization of the inverted pendulum on a cart is addressed. This problem has been solved by means of several methods in the literature.The novelty of the new control law is the combination of methods that is used to obtain it. In a first stage, an energy shaping law (van der Schaft, 1989 ) is obtained for the pendulum subsystem. The only consideration of this subsystem greatly simplifies this step. An interesting feature of the approach presented here is that the kinetic energy is shaped instead of the potential energy. This approach yields the consideration of negative masses and the use of the Lyapunov criteria with opposite sign as usual. The subsequent benefits of this choice justify this weak nuisance.
In the second stage, two objectives are pursued: damping injection (that in our case is actually energy injection) and extension of the control law to the cart subsystem in such a way that the cart is also stopped. It is shown that both objectives can be accomplished by means of a variant of forwarding (Sepulchre et al., 1997; Mazenc and Praly, 1996; Praly et al., 2001) , which with the previous choices yields solvable partial differential equations (PDEs). Nevertheless, due to the fact that the first subsystem is not GAS, the usual forwarding stability result does not apply and a proof of asymptotical stability has been included. The resultant control law has strong similarities with the one proposed in (Bloch et al., 2000) but it shows some differences. Among them, it has different tuning parameters that allows us to improve the performance of the closed-loop system as is shown by means of simulations.
SYSTEM DESCRIPTION AND STATEMENT OF THE PROBLEM
Consider the pendulum on a cart, which is one of the most widely-studied cases of underactuated control systems. This system is well-known and it is shown in Fig. 1 , where the main physical parameters are identified. The Lagrangian of the pendulum on a cart is
where α = ml 2 , β = ml, γ = M + m, and ω 2 0 = mgl. This notation is very similar to the one in (Bloch et al., 2000) in order to facilitate the comparison. Based on Eq. (1), the Euler-Lagrange equations become
Fig. 1. Pendulum on a cart.
As is well known (see, for instance, (Spong, 1998) ), Eqs. (2) and (3) can be partially linearized (and, thus, partially decoupled). From (2),
is obtained; which with (3), leads tö
By makings = v in this last equation we obtain (6) which defines an inner feedback law that partially linearizes the system. This controller converts Eqs. (2) and (3) into
which is the partially linearized form of the equations of the pendulum on a cart. From (7) and (8) it is clear that v = 0 defines an invariant manifold in the state space. The dynamics of θ in this manifold represents the zero dynamics of the system with respect to v and θ.
The goal is to stabilize the pendulum at the upright position and to stop the cart. Notice that the zero dynamics have a saddle at the desired equilibrium point, and not a stable point.
The approach proposed here consists of acting on the zero dynamics to change the saddle point at the origin to a center, that is, to have a maximum of the energy at the equilibrium point. Only the dynamics of the pendulum (Eq. (7)) are considered in the next section, while Section 4 deals with the whole system.
CONSERVATIVE LAW
First, we focus in the pendulum system (Eq. (7)) aiming to convert it in a Hamiltonian system (van der Schaft, 1989) (without damping) with a desired Hamiltonian function. Later we will consider the problem of damping injection and extension to the cart subsystem. As it is wellknown the energy of the pendulum subsystem (Eq. (7)) has a minimum at (θ,θ) = (π, 0) and a saddle point in (θ,θ) = (0, 0). In order to stabilize the pendulum in the upright position using energy shaping one possibility is to shape the potential energy in order to have a minimum of the whole energy in the upright position. Here we use a different approach: we look for a maximum of the energy at the desired position and, thus, the desired kinetic energy should have a maximum at this upright position. To this end we propose the desired energy as
where the kinetic energy has been changed adding a function f (θ) to the original mass α in such a way that α + f (θ) < 0 in the domain of interest.
In this way H d has a maximum at the desired point. Thus, in closed loop we look for a system with negative kinetic energy. It should be realized that the same happens in (Bloch et al., 2000) . The condition α + f < 0 limits the domain of attraction of the desired equilibrium in the closedloop system 1 .
In order to fulfill the matching conditions , the corresponding Hamiltonian system has to be
From Eq. (10)
is obtained, which is the desired closed-loop behavior. On the other hand, remembering Eq. (7), the open loop is given bÿ
where v c has been used instead of v because for the moment we are interested in the conservative behavior of the closed-loop system. Matching openloop (12) and closed-loop (11) equations yields
After some algebraic manipulations we obtain
By making in this equation f (θ) = kβ cos 2 θ, with k < 0 (other elections are possible, this choice has a great advantage as it is shown below), and assuming −π/2 < θ < π/2, we obtain
which leads to
It is worth noting that control law (13) is the same as the one obtained in (Bloch et al., 2000) by the method of the controlled Lagrangians. This can be easily checked by substituting Eq. (13) into Eq. (6), yielding
which is the same as (1.18) of (Bloch et al., 2000) , because it is easy to show that −(kγ + β) = κβ, where κ is a parameter introduced in (Bloch et al., 2000) .
The pendulum will oscillate in a non-structurally stable way under control law (13) or (14). Figure  2 shows the simulation results for a value of k < 0 such that α + f (θ) < 0 and, therefore, the kinetic energy is negative. The equilibrium point at the upright position becomes a center. It is easy to see that, in this case,Ḣ d = 0, i.e., function H d is a conserved quantity. In the absence of damping the pendulum evolves as the natural hanging pendulum, but now oscillating around the upper vertical line.
DAMPING INJECTION AND EXTENSION TO THE CART
Once the conservative law has been obtained, the next steps are to introduce energy injection (notice that, as the desired point is a maximum of the Hamiltonian, energy must be injected instead of damping) as well as to deal with the cart dynamics. We can cope simultaneously with both objectives by means of forwarding as it is shown in this section. The idea is to modify the previous control law by using forwarding in order to have a GAS system in closed loop for the whole system.
Introducing in system (7)- (8) 
given by (13) and v d to be determined, results:
The pendulum subsystem is not GAS and, thus, usual stability forwarding results (Sepulchre et al., 1997; Mazenc and Praly, 1996) do not apply. Nevertheless, a procedure quite close to the usual one can be applied provided the stability of the resultant system is checked at the end.
Consider a Lyapunov function candidate of the form:
The term dV 1 is equal toḢ d when v = v c and, thus, it is equal to zero due to the choice of v c . The method consists in looking for a function ν such that the term dV 2 is equal to zero and looking for v d such that the term dV 3 is non-negative. The condition dV 2 = 0 leads to the following PDE
This is the PDE found when forwarding is applied. Usually, it is cumbersome to solve it. However, in our case the solution is greatly simplified. As the time derivatives of θ,θ andṡ depend only on θ andθ, the solution of this PDE is of the form ν =ṡ − M (θ,θ) and the equation reads (14).
But it can be easily checked that
and, thus, M (θ,θ) = kθ cos θ. Now, v d will be chosen so that the term dV 3 is nonnegative. Looking at (19) this can be achieved by choosing
with λ 2 > 0. This yields
with v c and v d given respectively by (13) and (21) and substituting in (6) a controller with a structure similar to the one of (Bloch et al., 2000) is obtained. Nevertheless, the controllers are different. Notice that our tuning parameters are λ 1 and λ 2 (apart from k).
With this control law, stability in the sense of Lyapunov is guaranteed sinceV ≥ 0 but the strict inequality has not been achieved. In order to proof asymptotical stability LaSalle invariance principle can be used resulting the following proposition: Proposition 1. The origin of system (2)- (3) with control law given by (6), and v = v c + v d using (13) and (21) is locally asymptotically stable. Its domain of attraction includes the set in the interior of the largest level surface of V that does not cross the value of θ fulfilling α + f (θ) = 0.
Proof. First, let us formulate the system with the coordinate transformation ν =ṡ − kθ cos θ, resulting
From the definition of V , it qualifies as a Lyapunov function candidate in the domain defined in the statement of the proposition (21)), but as ν is constant so is cos θθ. This fact and (20) yield v c = 0. Therefore, the residual dynamics forV = 0 arë
Equation (24) represents the dynamics of a simple pendulum without friction, with energy function E = 1 2 αθ 2 + ω 0 2 cos θ, which is a constant of motion, as it is well-known. But we have another constant of motion in this residual dynamics, namely cos θθ = c 1 . Substitutingθ from the latter constant of motion in the energy function yields the following equation
where E and c 1 are constants. This equation has, at most, three isolated solutions for θ and, therefore,θ = 0. In a single pendulum this can only happen in the domain of interest for θ = 0.
The resultant closed-loop system has been simulated using the same system parameters as in (Bloch et al., 2000) (corresponding to α = 0.0065, β = 0.03, ω 2 0 = 0.295 in our model). Figure  3 shows similar results to the ones of (Bloch et al., 2000) (the tuning parameters are k = −7.06, λ 1 = 0.01 and λ 2 = 1). Nevertheless, the performance can be improved using other values of λ 1 and λ 2 . Figure 4 shows the results for the same value of k, λ 1 = 0.001 and λ 2 = 0.2 (notice the difference in the time scales).
CONCLUSIONS
In this paper the possibilities of energy shaping have been explored through its application to the pendulum on a cart. The methodology is applied to a well-known example of an underactuated system: the inverted pendulum on a cart. In this problem, energy shaping has been combined with forwarding to achieve the goal. Energy shaping has been applied to the pendulum subsystem. Forwarding has been used for two purposes: on the one hand, the usual one for extending the control law from a low-dimensional system to the whole system and on the other hand for introducing damping (energy injection in our case), which is necessary since the proposed control law for the low-dimensional system is conservative. Due to the fact that the standard forwarding procedure has not been used, it has been necessary to include a proof of asymptotical stability. The resultant control law has been compared with the one obtained in (Bloch et al., 2000) showing an interesting similarity. Simulations results show the good performance that it is achieved with the new law. 
